Let S, S be smooth, oriented surfaces with positive Gaussian curvature in fixed position in E 3 . Assume that their spherical images are simple and coincident, so that they can be mapped diffeomorphically onto each other by equal normals. We impose the additional condition that, under this standard mapping-which we shall henceforth call the normal mapping-, principal directions are preserved, i.e., that at every point on S there exists a pair of principal directions which are mapped, into principal directions at the image point on S. The normal mapping between surfaces of revolution with parallel axes of rotation has this property. If S is an ovaloid and S a sphere, then the normal mapping again certainly preserves principal directions. Further "trivial" examples are furnished by pairs of homothetic surfaces or pairs of surfaces which are parallel in the classical sense of Steiner. This last class has been investigated in [9] . Here various geometric conclusions will be drawn from the existence of such a mapping in the large in conjunction with given boundary conditions and inequalities connecting the principal curvatures of S, S at corresponding points. In particular, we shall obtain congruence theorems, characterizations of the sphere and statements about relative size. These geometric results are in part generalizations of our geometric results in [8] 
See e.g., [13] , p. 244 for a proof. In particular,
Now let g be a given continuous function on Σ. We obtain from (2.2) a necessary condition for the existence of global C 2 solutions of the nonlinear equation 
Proof. Assume such an / exists. Define the vector-valued function x(u l9 u 2 ) of class C 1 by
where F(/, n) is defined as in (2.0) with the vector n replacing /. One has
and, using the Gauss equations for Σ, one computes
The mapping (2.5) of Σ into E 3 defines a compact, oriented surface S of class C\ with normal ±n of class C ω , so that S is in fact of class C 2 ([4] , p. 307). From (2.6) we deduce that S is a regular differential-geometric surface and, since it is of class C\ its Gaussian curvature K is defined and continuous. Now, by a classical formula of differential-geometry, The proof of this theorem makes use of the preceding lemma to conclude that / = 0 on the bounding great circle; and of Bernstein's theorem [6] concerning the growth of saddle surfaces defined over the whole plane to conclude that M[f, f] = 0. By Theorem 1, / must then be linear.
In the case g ^ 0 the preceding lemma does not hold. However, a slightly weaker form of Theorem 2 still holds: The proof is formally the same as that of Theorem 2; we merely replace Bernstein's theorem by its companion theorem concerning the growth of convex functions defined over the whole plane ([11], p. 623, and [5] 3. We shall be concerned exclusively with surface in E 3 , of class C diffeomorphically onto a schlicht subset of Σ under the normal mapping; we shall cal them strictly convex surfaces. For the sake of brevity, we shall call a surface of this type with boundary and a closed hemisphere as spherical image strictly convex hemispherical. Every enveloping cylinder of an ovaloid (compact surface, K > 0) divides it into two strictly convex hemispherical surfaces with common boundary. When we consider pairs of such surfaces in the sequel, we shall always assume implicitly that their spherical images coincide.
If the surface S is mapped with preservation of principal directions onto the surface S, we denote by k t (i = 1, 2) the (principal) curvature of the direction on S which is the image of the principal direction on S with curvature k t .
If the strictly convex surface S of class C 3 has "interior" normal v at the point with position vector x, we define the support function p of S by p = -x 'ύ. We will view p as defined on the spherical image of S. By the inverse function theorem, p is of class C 2 . 
Proof. Using the bilinearity and symmetry of M, we obtain:
On the other hand, by Weingarten's formula (see [9] for a proof), we have quite generally: In particular, the same conclusion holds if S, S are ovaloids. Note that this theorem does not hold in the small. Consider, for example, a small piece S of a strictly convex surface of revolution with the 2-axis as axis of rotation. Take the meridian curve C on the (z, #)-plane and translate it some distance in the ^-direction: One obtains a curve C wich one then rotates around the z-axis to obtain a surface of revolution S. The hypotheses of Theorem Γ are satisfied for S and S, the conclusion is however false.
Proposition 1 applied to our context says that the inequality (&i -ki)(k t -k 2 ) < 0 is not possible everywhere on Σ if the normal mapping between the ovaloids S, S preserves principal directions.
The geometric version of Theorem 2 via Lemma 2 reads:
THEOREM 2'. Assume that the normal mapping between the strictly convex hemispherical surfaces S, S preserves principal directions. If (&i -k^{k 2 -k 2 ) <^ 0 everywhere and p -p = constant on the bounding great circle of their common spherical image, then the surfaces differ by a translation.
The condition "p -p = constant on the boundary" means that the enveloping cylinders of S, S touching along their respective boundaries are, after a possible translation, parallel surfaces in the classical sense. Thus, if for example the enveloping cylinders are circular or if the surfaces touch along their common boundary, we may assume that p -p = constant.
If we take for S a closed hemisphere centered at the origin, we conclude that if a strictly convex hemispherical surface has a circular enveloping cylinder along its boundary and satisfies (k λ -c)(k 2 -c) S 0 for some constant c, it must be a hemisphere [8] . From this we deduce in particular: The proof is standard. Let P o be the umbilic and let k^P,) = MAPPINGS BY PARALLEL NORMALS PRESERVING PRINCIPAL DIRECTIONS 197 k 2 (P 0 ) = c. If for any point P Φ P Q we had h(P) > c and k 2 (P) > c, then the equation F(k l9 k 2 ) = 0 and the monotonicity of F would imply that F(x, y) is identically zero on the set c ^ x ^ k t (P) f c ^ y <^ k 2 (P) in contradiction to our hypothesis. The possibility kJJP) < c and k 2 (P) < c is discarded in the same fashion. Therefore (k λ -c)(k 2 -c) 0 everywhere, hence S must be a hemisphere.
The existence of an umbilic on S in this corollary is certain if, for example, the enveloping cylinder touches S along a circle. Note that no smoothness is required of F. If, however, F is of class C 2 , then this characterization of hemispheres follows from a theorem of Aleksandrov ([1 
) ^> 0, then S is a translate of S.
In particular, a strictly convex hemispherical surface with (k tc)(k 2 -c) ^ 0, whose enveloping cylinder touching along the boundary is circular of radius c~ι, is a hemisphere.
REMARK.
If we replace the inequality in Theorem 3' by the stronger hypothesis that k x ^ k 1 and k 2 ^ k 2 everywhere, then the conclusion holds even without the assumption that the normal mapping preserves principal directions. In fact, we have more generally: If the strictly convex hemispherical surfaces S, S have identical enveloping cylinders along their boundaries and their Gaussian curvatures satisfy K ^ K at all points with the same normal, then they are identical. The proof is contained, in its essential, in [1] , p. 348; the support functions p, p satisfy respectively the partial differential equations M[f, f] = 2K~1 and M[f, f] = 2K~Ί which are elliptic because K > 0 and K > 0. It follows that the operator M is elliptic with respect to all the functions tp + (1 -t)p, te [0, 1] , which are also support functions of strictly convex surfaces. After an appropriate translation in the direction of their common enveloping cylinder, we may assume that S lies below S and touches S "from the inside" at a point (which may be a boundary point). We then have M [p, p] g M [p, p] and p ^ p, therefore, by the maximum principle ( [12] ), S and 8 coincide.
A result concerning the relative size of pairs of ovaloids within our class is this: Proof. For any ε > 0, consider the ovaloid S βf parallel to S, obtained by moving along every outward normal of S a distance ε. If p is the support function of S and kj ι its radii of curvature, S ε has support function ε + p and radii of curvature ε + kγ ι ([3] , p. 273). Since the normal mapping between parallel surfaces preserves principal directions, so does the normal mapping between S and S ε . Therefore, by Lemma 2,
Set ε + p -p = f. As in the proof of Proposition 1, we consider the C 1 -, compact, oriented surface S* defined by (2.5), where n describes the unit sphere oriented by interior normals -n. (2.6) implies that S* is regular, with normal -n and hence of class C 2 . The support function of S* is x n -f. The Gaussian curvature of S* is therefore 2(M[f, f\)~x which is positive throughout S*. By Hadamard's theorem, S* is simple and convex and the mapping of Σ onto S* defined by (2.5) is the inverse of the spherical-image mapping of S*, which preserves orientation. Hence, -n is the interior normal of S* and we may translate S* so that the origin lies in its interior and the new support function is positive. Thus, / + L > 0 for a certain linear function L, or: ε + p + L > p; which means that, after a possible translation, S lies inside S ε . Since this is true for every ε > 0, it must also be true for S = S Q , which proves the theorem.
In particular, we may take one or the other of the two surfaces in this theorem to be a sphere. It follows that if the maximal principal curvature k γ of an ovaloid S satisfies k t ^ c, then a sphere of radius c~x fits inside S; and if the minimal principal curvature k 2 of S satisfies k 2 ^ c, then S fits inside a sphere of radius c~\ Of course these special cases are well-known and much more can be said about them [7] . 4* Some information about normal mappings which preserve principal direction can also be obtained with the aid of integral formulas. In particular, we may take for S a sphere centered at the origin, with radius (47r)~1lί. Then M = M and multiplying out in (4.2) we obtain Minkowski's inequality:
with equality if and only if S is a sphere. If at all pairs of points of S, S with the same normal we have 
